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Abstract 

Recently it was shown (by the author) that every graph of size q (the 
number of edges) and minimum degree 5 is hamiltonian if g < 5^ + 5 — 1 
(,arXiv: 1107.2201 vV). In this paper we present the exact analog of tfiis 
result for dominating cycles: if G is a 2-connected graph with g < 8 if 
5 = 2 and q < {3{S ~ 1)[S + 2) — l)/2 if 5 > 3, then each longest cycle in 
G is a dominating cycle. The result is sharp in all respects. 
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1 Introduction 

Only finite undirected graphs without loops or multiple edges are considered. 
We reserve n, q, S and k to denote the number of vertices (order), the number of 
edges (size), the minimum degree and the connectivity of a graph, respectively. 
A good reference for any undefined terms is [1]. 

The earliest sufficient condition for a graph to be hamiltonian was developed 
in 1952 due to Dirac and is based on the natural idea that if a sufficient num- 
ber of edges are present in the graph on n vertices (by keeping the minimum 
degree at a fairly high level) then a Hamilton cycle will exist. 

Theorem A [2]. Every graph with S > is hamiltonian. 

A direct link between the number of edges and Hamilton cycles was estab- 
lished in 1959 due to Erdos and Gallai |3j. 

Theorem B [3j. Every graph with q > — 3n + 5) is hamiltonian. 

Recently it was proved a little surprising and, in fact, a contrary statement 
ensuring the existence of a Hamilton cycle if the number of edges is less than 

Theorem C [5] . Every graph with q < 5^ + 5 — 1 \s hamiltonian. 
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In this paper we present the exact analog of Theorem C for dominating cy- 
cles. 

Theorem 1. Let G be a 2-connected graph. If 



then each longest cycle in G is a dominating cycle. 

To show that Theorem 1 is sharp, suppose first that (5 = 2. The graph 
Ki + 2K2 shows that the connectivity condition k > 2 in Theorem 1 can not 
be relaxed by replacing it with k > 1. The graph with vertex set {vi,V2, ...jWs} 
and edge set 



shows that the size bound q < 8 can not be relaxed by replacing it with q < 9. 
Finally, the graph K2 + iKi shows that the conclusion "each longest cycle in 
G is a dominating cycle" can not be strengthened by replacing it with "G is 
hamiltonian" . Now let (5 > 3. The graph Ki +2Ks shows that the connectivity 
condition k > 2 in Theorem 1 can not be relaxed by replacing it with k > 1. 
Further, the graph K2 + 3Ks-i shows that the size bound q < {3{S — 1){5 + 
2) — l)/2 can not be relaxed by replacing it with q < 3{6 — 1){6 + 2)/2. Finally, 
the graph Ks + (S + l)Ki shows that the main conclusion "each longest cycle 
in G is a dominating cycle" can not be strengthened by replacing it with "G is 
hamiltonian" . So, Theorem 1 is best possible in all respects. 
The following theorems are useful. 

Theorem D f2] . Every 2-connected graph either has a Hamilton cycle or has 
a cycle of length at least 26. 

Theorem E [4]. Let G be a graph, G a longest cycle in G and P a longest 
path in G\G of length p. Then |G| >{p + 2){S- p). 

Theorem F [6]. Let G be a graph on n vertices and d{x) + d{y) > n for each 
nonadjacent vertices x,y. Then G is hamiltonian. 

2 Notations and preliminaries 

The set of vertices of a graph G is denoted by V{G) and the set of edges by 
E{G). For S a subset of V{G), we denote by G\S the maximum subgraph 
of G with vertex set V{G)\S. For a subgraph iJ of G we use G\H short for 
G\V{H). The neighborhood of a vertex x e V{G) wiU be denoted by N{x). Set 
d{x) — \N{x)\. Furthermore, for a subgraph H oi G and x e V{G), we define 
Nh{x) = N{x) n V{H) and dnix) = \Nh{x)\. 




5 = 2, 
(5 > 3, 



{uiW2, we^i, W1W7, 
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A simple cycle (or just a cycle) C of length t is a sequence viV2-..VtVi of 
distinct vertices v\, Vt with ViVi+i € E(G) for each i G {1, t}, where Vt+i = 
v\. When t = 2, the cycle C = V1V2V1 on two vertices vi,V2 coincides with the 
edge viV2: and when t = I, the cycle C = vi coincides with the vertex vi. So, 
all vertices and edges in a graph can be considered as cycles of lengths 1 and 
2, respectively. A graph G is hamiltonian if G contains a Hamilton cycle, i.e. a 
cycle of length n. 

Paths and cycles in a graph G are considered as subgraphs of G. If Q is a 
path or a cycle, then the length of Q, denoted by \Q\, is \E{Q)\. We write Q 
with a given orientation by For x,y G V{Q), we denote by xQy the subpath 
of Q in the chosen direction from x to y. For x € V{Q), we denote the h-th 
successor and the h-th predecessor of a; on ^ by x~^^ and x~^, respectively. We 
abbreviate a;+^ and by a;+ and x~, respectively. 

Special definitions. Let G be a graph, G a longest cycle in G and P = xPy 

a longest path in G\G of length p > 0. Let ^i,^2,---.Cs be the elements of 
Nc{x) U Nc{y) occuring on G in a consecutive order and let 

li = ii'^^i+i, I* = (i = h 2, s), 

where ^s+i = Ci- 

(*1) We call /i,/2,...,/s elementary segments on G induced by Nc{x) U 

Nc{y)- 

(*2) We call a path L = ziw an intermediate path between elementary 
segments la and If, if 

z G V{Il), w G y(4*), V{L)nV{CUP) = {z.w}. 

(*3) Denote by M{Ii^,Ii^, the set of all intermediate paths between 

elementary segments li^jli^,.-., ht ■ 

Lemma 1. Let G be a graph, G a longest cycle in G and P = x 'Py a longest 
path in G\G of length p > 1. If \Nc{x)\ > 2, \Nc{y)\ > 2 and Nc{x) ^ Nc{y) 
then 

J 35 + maxjai, (72} — 1 > 3(5 if p = 1, 
' ' - \ max{2p + 8,45- 2p} if p>2, 

where tJi = |-/Vc(a;)\iVc(2/)| and a2 = \Nc{y)\Nc{x)\. 

Lemma 2. Let G be a graph, G a longest cycle in G and P = xPy a longest 
path in G\C of length p > 0. If Nc{x) = Nc{y) and \Nc{x)\ > 2 then for each 
elementary segments la and induced by Nc [x) U Nc (y) , 
(al) if L is an intermediate path between and lb then 

|/a| + |/fc| >2p + 2|L|+4, 
(a2) if M{Ia, lb) C E{G) and |M(/a, /fe)! = i (« G {1, 2, 3}) then 
|/a| + |/5|>2p + z + 5. 
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Lemma 3. Let G be a graph, S a cut set in G and H a connected component 
of G\S of order h. Then 

/((2() - // + 1) 
qH> ^ , 

where qh = \{xy € E{G) : {x, y} n V{H) ^ 0}|. 

Lemma 4. Let G be a 2-connected graph. If 5 > (n — 2) /3 then either 

/ 9 a 6 = 2, 

3(.-l)(.+2) if ^>3^ 

or each longest cycle in G is a dominating cycle. 



3 Proofs 

Proof of Lemma 1. Put 

Ai = Nc{x)\Nc{y), = Nc{y)\Nc{x), M = Nc{x) n Nc{y). 

By the hypothesis, Nc{x) ^ Nc{y), implying that 

max{|Ai|,|A2|}> 1. 

Let ^1,^2, ■■ -,^8 be the elements of Nc{x) U Nc{y) occuring on G in a con- 
secutive order. Put li — {i = l,2,...,s), where £,s+i = ^i- Clearly, 
s = \Ai\ + \A2\ + \M\. Since C is extreme, |/,| > 2 (i = 1,2, ...,.s). Moreover, 
if n M 7^ for some i G {1,2, ...,s} then >p + 2. In addition, if 
either e Ai, ^j+i e A2 or e A2, ^,+1 e Ai then again |7j| > p + 2. 

Case 1. p — 1. 

Case 1.1. \Ai\ > 1 {i = 1,2). 

It follows that among Ii, I2, h there arc | Af | + 2 segments of length at 
least p + 2. Observing also that each of the remaining s — (|M| + 2) segments 
has a length at least 2, we get 

|G| >{p + 2){\M\ + 2) + 2(s - \M\ - 2) 

= 3(|M|+2) + 2(|Ai| + |A2|-2) 
= 2|^i| + 2|A2|+3|M|+2. 
Since = d{x) - |M| - 1 and IA2I = d{y) - \M\ - 1, we have 

|G| > 2d{x) + 2d{y) - \M\ - 2 > 3<5 + d{x) - \M\ - 2. 

Recalling that d{x) = |M| + |Ai| + 1, we get 

|G| > 3(5 + l^il - 1 = 3(5 + (Ti - 1. 
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Analogously, \C\ > 35 + (T2 - 1. So, 

|C| > 3(5 + niax{c7i, 0-2} - 1 > 35. 

Case 1.2. Either |Ai| > 1, l^al = or = 0, IA2I > 1. 

Assume w.l.o.g. that |^i| > 1 and IA2I = 0, i.e. \Nc{y)\ = \M\ > 2 and 
s = \Ai I + \M\ . Hence, among /i, /2, Is there are \M\ + 1 segments of length 
at least p + 2 = 3. Taking into account that each of the remaining s — {\M\ + 1) 
segments has a length at least 2 and |M| + 1 = d{y), we get 

\C\ > 3(|M| + 1) + 2(s - \M\ - 1) = 3d{y) + 2{\Ai\ - 1) 

> 35+ |Ai| - 1 = 35 + max{(Ti,CT2} - 1 > 35. 
Case 2. p>2. 

We first prove that |C| >2p + 8. Since Ii'Vc(.x)| > 2 and \Nc{y)\ > 2, there 
are at least two segments among Ii, /2, of length at least p + 2. If |M| = 
then clearly s > 4 and 

|C| > 2(p + 2) + 2(s-2) > 2p + 8. 

Otherwise, since max{|Ai|, \ A2\} > 1, there are at least three elementary seg- 
ments of length at least p + 2, i.e. 

\C\ >3(p + 2)>2p + 8. 

So, in any case, |C| > 2p + 8. 

To prove that |C| > 45 — 2p, we distinguish two main cases. 

Case 2.1. \A^\ > 1 (i = 1,2). 

It follows that among Ii, I2, Is there are | M | + 2 segments of length at 
least p + 2. Further, since each of the remaining s — (|M| + 2) segments has a 
length at least 2, we get 

\C\ >{p + 2){\M\ + 2) + 2{s - \M\ - 2) 

= {p- 2)\M\ + {2p + 4\M\ + 4) + 2(1^1 1 + |^2| - 2) 
> 2|Ai| + 2IA2I +4|M| + 2p. 

Observing also that 

\A,\ + \M\ +p > d{x), \A2\ + \M\+p> d{y), 

we have 

2|^i| + 2|A2|+4|M| + 2p 
> 2d{x) + 2d{y) - 2p > 45 - 2p, 
implying that |C| > 45 - 2p. 
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Case 2.2. Either \Ai\ > 1, [Aa] = or |.4i| = 0, l^al > 1. 

Assume w.l.o.g. that |Ai| > 1 and |^2| = 0, i.e. |A^c(y)| = \M\ > 2 and 
s = \Ai I + \M\. It follows that among Ii,l2, Is there are \M\ + 1 segments of 
length at least p + 2. Observing also that \M\+p> d{y) > 5, i.e. 2p + 4\M\ > 

46 — 2p, wc get 

\C\ > (p+2)(|M| + l) > (p-2)(|M|-l)+2p + 4|M| 

>2p + 4\M\>4:S-2p. m 

Proof of Lemma 2. Let ^1,^2, be the elements of Nc{x) occuring on C 
in a consecutive order. Put = Cj^^Ci+i (* — li2,...,s), where S,s+i = Ci- To 
prove (al), let L = w be an intermediate path between elementary segments 
la and lb with z e V{I*) and w G V{I^). Put 

C = ^ax'Py^btztwt^a- 

Clearly, 

\C'\ = \C\-di-d3 + \L\ + \P\+2. 

Since C is extreme, we have |C| > \C'\, implying that di+ds >p+\L\+ 2. By 
a symmetric argument, d2 + d4,>p+\L\ + 2. Hence 

4 

|4| + |4|=^di>2F+2|L|+4. 

To proof (a2), let M{Ia,Ib) C E{G) and |M(Ja, Jfa)| = * (* G {1,2,3}). 
Case 1. i = 1. 

It follows that M{Ia,Ib) consists of a single intermediate edge L = zw. By 
(al), 

141 + l/fel >2p + 21X1+4 = 2^ + 6. 

Case 2. i = 2. 

It follows that M{Ia,Ib) consists of two edges 61,62- Put 61 = ziwi and 
62 = 2:2^2, where {zi,Z2} C V{I*) and {^1,^2} C V{I^). 

Case 2.1. zi ^ Z2 and wi ^ W2- 

Assume w.l.o.g. that Zi and Z2 occur in this order on /„. 

Case 2.1.1. W2 and w\ occur in this order on lb- 
Put 

\£,a'^ Zi\ = di, \zi~(^ Z2\ = d2, |22C?Ca+l| = ^3, 

16^^21=^4, IwaC^wil ^5, \wi~c! S,b+i\ = d^, 

C = ^a^ZlWl^'W2Z2^^bX^y^b+l^^a- 
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Clearly, 

\C'\ = \C\ ~d2-di^de + |{ei}| + |{e2}| + \P\+2 

= \C\ - d2 ~ d4 - de +p + A. 

Since C is extreme, |C| > |C"|, implying that d2 + d4 + d^ > p + 4:. By a 
symmetric argument, di + ds + d^ > p + 4. Hence 

6 

141 + 141 =^d^ >2p + 8. 

i=l 

Case 2.1.2. wi and W2 occur in this order on 
Putting 

we can argue as in Case 2.1.1. 

Ccise 2.2. Either zi = Z2, wi ^ W2 or z\ ^ Z2-, w\ = W2- 
Assume w.l.o.g. that zi ^ Z2, w\ = W2 and z\,Z2 occur in this order on la. 
Put 

\(,a'^ Zl\ = dl, \Zi'dz2\=d2, \Z2'^^a+l\ = da, 
l^foZtwil = d4, IwiZt^b+il = ^5, 

a 'dz2Witj£,a+lx'Py^b+l~d^a- 

Clearly, 

\C'\ = \C\ -di-di + |{ei}| + |P| + 2 = |C| - di - d4 +P + 3, 

\C"\ = \C\ -d3-d5 + \{e2}\ + \P\ + 2 = \C\-d3-d5+p + 3. 
Since C is extreme, |C| > |C"| and |C| > |C"|, implying that 

di+d4>p + 3, d3 + d5>p + 3. 

Hence, 

5 

141 + \Ib\ = Y^di > di + d3 + di + d5 + 1 > 2p + 7. 

i=l 

Case 3. i = 3. 

It follows that M{Ia,Ib) consists of three edges 61,62,63. Let 6i = ZiWi 
{i = 1,2,3), where {^1,^2,-23} C V{I*) and {^1,^2,^3} C V(I^). If there 
are two independent edges among 61,62,63 then we can argue as in Case 2.1. 
Otherwise, we can assume w.l.o.g. that wi = W2 = W3 and -21,^2,-23 occur in 
this order on /„. Put 

\£^a^Zx\=dx, \zx^Z2\=d2, \Z2~C! Z3\ ^ da, 
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\Z3^^a+l \ = d4, \^b^Wi\ = 4, = de, 

Clearly, 

\C'\ = |C|^di-(i5 + |{ei}|+p + 2, 
|C"| = |C|-d4-(i6 + |{e3}|+p + 2. 
Since C is extreme, we have |C| > \C'\ and |C| > |C"|, implying that 

rfi + ^5 > P + 3, ^4 + > p + 3. 

Hence, 

6 

141 + \Ib\ = "^d^ >di+dA + d5 + d6 + 2> 2p + 8. ■ 

Proof of Lemma 3. Put 

V{H) = {vi,...,Vh}, \N{vi)nS\=pi {i = l,...,h). 

Observing that h > d{vi) — + 1 > 5 — /3i + 1 for each i e {1, 2, /i}, we 
have pi>6 - h+1 {i = l,2, h). Therefore, 

h ^ h h 

QH = q{H) + 1] A = 2 E "^"^"i^ + E 

i=l i=l i=l 

i=l i=l i=l i=l 

>_M+-/i('5-/i + l) = ^ ^ ^- ■ 

Proof of Lemma 4. Let C be a longest cycle in G and P = xi^X2 a longest 
path in G\C of length p. If |V^(P)| < 1 then C is a dominating cycle and we 
are done. Let |V^(-P)| > 2, that is p > 1. By the hypothesis, 

|C| +P+ 1 < n < 3(5 + 2. (1) 

Let ^1,^2, •••,^s be the elements of Nc{xi) UNc{x2) occuring on C in a consec- 
utive order. Put 

li = i: = = 1, 2, S), 

where ^s+i = ^1. Let Q be a longest path in G with Q = (^T] and V{Q)r\V(C) = 
{S,,ri}. Since C is extreme, we have |^ct?7| > \Q\ and Ir/C^j > implying 
that 

|C| = |C^r?| + |r?^C| > 2\Q\. (2) 
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Case 1. S = 2. 

Since k>2 and p > 1, we have \Q\ > 3. By (2), 

|C| = |y^^| + |^^t/|>2|Q|>6, 
implying that q>\C\ + \Q\ > 9. 



Case 2. 6 = 3. 

If n > 10 then 



n^^ 3(^-l)(^_ 
^ - 2 - 2 



Let 



n < 9. (3) 



Case 2.1. p = 1. 

By (1) and (3), 



\C\<n-p-l<7. (4) 

Since p = 1 and (5 = 3, wc have |A^c(.x'0| > 2 (i = 1,2). If Ndxi) ^ Nc{x2) 
then by Lemma 1, |C| > 3(5 = 9, contradicting (4). Let Nc{xi) = Nc{x2)- 
Further, since C is extreme and p = 1, we have > 3 (i = 1, 2, s). If s > 3 
then |C| = Y.l=i > 3s > 9, contradicting (4). Let s = 2. If Mih.h) + 
then by Lemma 2, |C| = + I/2I > 2p + 6 = 8, contradicting (4). Thus, 
M{I\^Ii) = 0, implying that G\{^i,^2} is disconnected. Let Hi,H2, ■■■,Ht be 
the connected components of G\{^i,C2}- Clearly, t>3. Put 

hi = \V{Hi)\, qi = \{xyGE{G):{x,y}nV{Hi)^^}\{i = l,2,...,t). (5) 

Assume w.l.o.g. that V{I*) C V{Ht) {i = 1,2) and V^H^) = {xi,X2}. It means 
that hi>2{i = l, 2, 3). If /i, > 4 for some i G {1, 2} then 

ici >/ii + /i2 + i{a,6}| >8, 

contradicting (4). Let 2 < hi < 3 {i — 1,2,3). By Lemma 3, 

fe,(2,5 - + 1) hi{7-hi) 
<li> 2 ^ 2 (* = 1>2,3). 

Hence 

3((5-l)(^ + 2) 

Case 2.2. p > 2. 

By (1) and (3), |C| < n - p - 1 < 6. 
Case 2.2.1. There is a cycle in G\C. 

Let C be a cycle in G\C. Since k>2, there are two disjoint paths connect- 
ing C" and C, implying that |Q| > 4. By (2), |C| > 2|Q| > 8, contradicting (4). 
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Let 



Case 2.2.2. G\C is acyclic. 

It follows that 

\Nc{xi)\ > \N{xi)\ - 1 > 5 - 1 = 2 (i = 1,2). 
Hence |Q| > p + 2 > 4. By (2), |C| > 2\Q\ > 8, contradicting (4). 

Case 3. 5 = 4. 

If n > 14 then 

nS 3((5- 1)((5 + 2) 
,>->28>^ Y - 

n < 13. (6) 

|C| < n-p- 1 < 11. (7) 

Since p = 1 and (5 = 4, we have \Nc{xt)\ > 3 (i = 1,2). If Nc{xi) Nc{x2) 
then by Lemma 1, \C\ > 3i5 = 12, contradicting (7). Let Nc(xi) = Nc{x2)- 
Further, since C is extreme and p = 1, wo have > 3 (i = l,...,s). If s > 4 
then |C| > 3s > 12, contradicting (7). Thus s = 3. 

Case 3.1.1. M{h,h,h) = 0. 

It follows that G'\{^i, ^2, Cs} is disconnected. Let Hi, Hz- ■■■■Hi be the con- 
nected components of G\{^i, ^2, Cs}- Clearly, t > 4. Assume w.l.o.g. that 
V{I*) C V{H,) (i = 1,2,3) and V{Hi) = {xi,X2]. Using notation (5), we have 
hi>2(i = l, 2, 3) and /14 = 2. If /ij > 5 for some i £ {1, 2, 3} then clearly 



Case 3.1. p = l. 
By (1) and (6), 



|C|>^/i, + lte,6,6}|>i2, 



contradicting (7). Let 2 < /ij < 4 (i = 1,2,3). By Lemma 3, 

,.> '"'^^-'" + " =Mi_:^>7 (i.1, 2,3,4). 

So, 

„o 3((5- 1)((5 + 2) 
a > > 28 > ^ ^ L 

Case 3.1.2. M(/i,/2, J3) ^ 0. 

Assume w.l.o.g. that M(7i,72) 7^ 0, i.e. there is an intermediate path L 
between Ii and l2- By Lemma 2, 

I/1I + I/2I >2p + 2|i|+4 = 2|i| + 6. 

If |L| > 2 then |/i| + |/2| > 10 and hence |C| = I/1I + I/2I + I/3I > 13, contradicting 
(7). Otherwise, \L\ = 1, implying that M{h,l2,l3) C E{G). If \M{Ii,l2)\ > 2 
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then by Lemma 2, |/i| + |/2| > 2p+7 = 9 and |C| = 1^*1 — 12, contradicting 

(7). So, |M(/i,/2)| = 1. By Lemma 2, + Ihl > 2p+6 = 8. Since I/3I > 3, 
we have |C| = \M > H- % (1), n > |C| + p+ 1 > 13. Combining n > 13 
and |C| > 11 with (6) and (7), we get 

n=13, |q = ll, |/i| + |/2|=8, |/3| = 3, V{G) = V{CUP). (8) 

Since + I/2I = 8 and \Ii\ > 3 (i = 1,2), we can assume w.l.o.g. that 
either = I/2I = 4 or = 3, IJ2I = 5. If = I/2I = 4 then by Lemma 2, 
M{h,h) = M{h,h) = 0, implying that \M{h, h, h)\ = 1- Further, if = 3 
and Ihl = 5 then by Lemma 2, M{Ii,h) = and \M{l2,h)\ < 1, implying 
that |M(7i, 72,-^3)1 < 2. So, in any case, 

l<|M(7i,72,73)|<2. (9) 

Let e € M{Ii, I2, 13) and e = zw. Put G" = G\e. Form a graph G" in the 
following way. If d{z) > 5 = 4 and d{w) > 5 = 4 in G' then we take G" = G'. 
Next, we let = (5- 1 = 3 and > (5 = 4 in G'. If {6,6,6} ^ A^(z) then 
clearly > 4 in G', contradicting the hypothesis. Otherwise, zv ^ E{G') for 
some V e {6,6,6} ^'iid we take G" = G' + {^i"}. Finally, if d{z) = d{w) = 3 
then as above, zv ^ E{G') and iwu ^ E{G') for some u, G {6-6,6} ^md we 
take G" = G' + {z^;, ww}. Clearly, 6{G") = d{G) = 4 and g = g(G) > g(G") - 1. 
Furthermore, deleting step by step all edges from M(7i,72,73) and adding at 
most two appropriate new edges against each deleting edge, we can form a graph 
G* with SiG*) = (5(G) = 4 and 5(G) > q{G*) - \M{h,l2,h)\- By (9), 5(G) > 
g(G*) - 2. In fact, G* = (G\M(7i, 72, 73)) + E*, where £;* consists of at most 
2|M(7i, 72, 73)1 appropriate new edges having exactly one end in common with 
{6,6, 6}, implying that G*\{6,6, 6} is disconnected. Let Hi,H2, H3, H4 be 
the connected components of G*\{6,6,6} with ^(77,) = V{I^) {i = 1,2,3) 
and V{H4) = {a;i,X2}. Put 

hi = \V{Hi)\, qi = \{xy€E{G*):{x,y}nV{Hi)j^&}\ (i = 1,2,3,4). 

Since |7i| + |72| = 8, we have either |7i| > 4 or |72| > 4. Assume w.l.o.g. that 
|7i| > 4, that is hi > 3. As in Case 3.1.1, 2<hi<4{i = 1,2,3,4). By Lemma 
3, 

hi{25-hi + l) /ii(9-/ii) 

9uG j > > y, 

,.(G-)> '"P^-'-- + " =M£_lM>7 (i = 2,3,4). 

Hence q{G*) > J^Li 1^{G*) > 30, implying that 

,(G)>,(G*)-2>28>fcf^. 
Case 3.2. p = 2. 
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Put P = XiX3X2- By (1) and (6), 

|C| <n-p-l < 10. (10) 

Since 5 = 4 and p = 2, we have \Nc{x^)\ > 2 (i = 1,2). If Ndxi) ^ Nc[xi) 
then by Lemma 1, |C| > 4(5-2p = 12, contradicting (10). Let iVc(a;i) = Nci^^)- 
Recalling that C is extreme and p = 2, we conclude that > 4 [i = 1, 2, s). 
If s > 3 then \C\ > 4s > 12, contradicting (10). Let s = 2, implying that 
XiX2 £ E{G). By symmetric arguments, we can state that Nc{x\) = Nc{x2) = 
Ncixs). 



Case 3.2.1. M(/i,l2) = 0- 

Let Hi,H2,-.-,Ht be the connected components of G\{^i,^2}- Assume 
w.Lo.g. that V{I*) C ViHi) {i = 1,2) and ^(Fs) = {xi,X2,X3}. Using 
notation (5), wc have h.^ > 3 (i = 1,2,3). li hi > Q for some i G {1,2}, then 
\C\ >hi + h2 + > 11, contradicting (10). Let 3 < /ij < 5 (« = 1,2,3). 

By Lemma 3, 

,.>M?^^^ = M^>9 (. = 1,2,3). 

Hence 

3{5-l){6 + 2) 



Case 3.2.2. M(/i,J2) ^ 0. 

By the definition, there is an intermediate path L between 7i and l2- By 
Lemma 2, 

I/1I + I/2I >2p + 2|L|+4 = 2|L|+8. 

If |L| > 2 then |C| = + I/2I > 12, contradicting (10). Otherwise, \L\ = 1 
and therefore, M(/i,/2) C eIg). If |M(/i,/2)| > 2 then by Lemma 2, 

|C| = |/i| + |/2|>2p + 7=ll, 

contradicting (10). Now let |M(/i,/2)| = 1, i.e. M(Ji,/2) consists of a single 
edge e. By Lemma 2, 

\C\ = I/1I + I/2I >2p + 6 = 10, 

and by (1), n>\C\+p+l> 13. Combining n > 13 and |C| > 10 with (6) and 
(10), we get 

|C| = |/i| + |/2| = 10, n = 13, V{G) = V{CUP). (11) 

Put G" = G\e and let Hi, H2, be the connected components of G'\{^i,^2} 
with V{Hi) = V{I*) {i = 1,2) and ViHs) = V{P). Since + I/2I = 10, 
we can assume w.l.o.g. that > 5. Using notation (5) for G', we have 
hi > - 1 > 4 and hi > 3 {i = 2,3). li hi > 6 for some i e {1,2} then 
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\C\ > hi + h2 + > 11, contradicting (11). Let 4 < ft-i < 5 and 

3 < hi < 5 {i = 2,3). If S{G') = S{G) then we can argue as in Case 3.2.1. 
Otherwise, as in Case 3.1.2, we can form a graph G* by adding at most two new 

edges in G" such that S{G*) = S{G) and G*\{^i, ^2} has exactly three connected 
components. Recalhng that 4 < /ii < 5 and using Lemma 3, we get 

,,(G.)>M2^Ai+i),M£_:M = io, 

,.(g-)> '-'^^-'- + " =Mg_M>9 (, = 2,3). 

So, q{G*) > E?=i qi{G*) > 28, implying that 

,(G)>(G*)-l>27=^fcil(^. 

Case 3.3. p = 3. 

By (1) and (6), 

|C|<n-p-l<9. (12) 

Since ^ = 4 and p = 3, we have \Ncix^)\ > 1 (i = 1,2). If \Nc{xi)\ > 2 for 
some i e {1,2} then \Q\ > p + 2 = 5 and by (2), |C| > 2\Q\ > 10, contradicting 
(12). Let \Nc{xi)\ = 1 (i = 1,2). If Ncixi) ^ Ncix2) then again \Q\ > 5 and 
|C| > 10, contradicting (12). Thus, Ncixi) = Nc{x2). It follows that G[ViP)] 
is complete. Since k > 2, there are two disjoint paths connecting G[y(P)] and 
C, implying that \Q\ > 5 and \C\ > 10, contradicting (12). 

Case 3.4. p = 4. 

Put P = XiX3XiX^X2- By (1) and (6), 

|C|<n-p-l<8. (13) 
Case 3.4.1. XxX2 6 E{G). 

Put C" = X\X2XzXiX^Xi. Since k > 2, there are two disjoint paths connect- 
ing C and C. Since \C'\ = 5, we have \Q\ > 5 and by (2), |C| > 2\Q\ > 10, 
contradicting (13). 

Case 3.4.2. X1X2 E{G). 

As in Case 3.3, it can be shown that 

Ncixi) = Nc{x2), \Nc{x,)\ = \Nc{x2)\ = 1. 

Since 6 = 4, we have {X1X4, X1X5, 0:2X3, X2a;4} C E{G). Hence, a;ia;4a;5X2a;3a;i is 
a Hamilton cycle in G[F(P)] and we can argue as in Case 3.4.1. 

Case 3.5. p > 5. 

If |C| — n then C is a dominating cycle. Otherwise, by Theorem D, 
\C\ > 26 = S. On the other hand, by (1) and (6), |C| < n - p - 1 < 7, a 
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contradiction. 



Case 4. (5 > 5. 

If C is a Hamilton cycle then we are done. Otherwise, by Theorem D, 

c > 25. (14) 
By (1), p < 3(5 - |C| + 1 < 5 + 1. So, 

l<p<(5 + l. (15) 
We distinguish two main cases, namely I <p < 5 — 2> and 5 — 2<p <5 +1. 

Case 4.1. 1 < p < ^ - 3. 
It follows that 

(^+2){5-p) = (p-l)((5-p-3) + 35-3 > 35-3. 

By Theorem E, 

|C|>3(5-3. (16) 
By (1) and (16), p < 35 - |C| + 1 < 4. So, 

l<p<4. (17) 

Case 4.1.1. p=l. 

It follows that \Nc{xi)\ >5-l>2{i = 1,2). By (1), \C\ < 3<5+l-p = 35. 
Combining this with (16), we have 

3(5 - 3 < |C| < 3(5. 

Case 4.1.1.1. 3(5 - 3 < |C| < 35 - 1. 

If Nc{xi) ^ Nc{x2) then by Lemma 1, |C| > 35, contradicting the hypoth- 
esis. Let Nc{x{) = Nc{x2)- Since C is extreme and p = 1, we have > 3 
{i = 1, s). If s > 5 then |C| > 3s > 35, again contradicting the hypothesis. 
Let s < 5 — 1. On the other hand, s = |iVc(a;i)| = d{xi) — 1 > 5 — 1, implying 
that s = 5 — 1. 

Claim 1. M(/i,J2,...,/s) CE(G) and |M(/i, /a, /,)| < 5 - 2. 

Assume first that 35 - 3 < |C| < 35 - 2. If M{Ia,Ib) ^ for some two 
elementary segments la and lb then by Lemma 2, \Ia\ + \Ib\ > 2p + 6 = 8, 
implying that |C| > 35 — 1, a contradiction. Otherwise, \M{Ii, I2, Is)\ = 
< 5 - 2. Now let |C| =35-1. If M(/i, /a, 7^) = then we are done. 
Let M{Ii, I2, Is) / 0, i-c. M{Ia,Ib) / for some elementary segments la 
and lb- By the definition, there is an intermediate path L between la and /{,. 
If \L\ > 2 then by Lemma 2, \Ia\ + \Ib\ > 2p + 2\L\ + 4 = 10, implying that 
\C\ > 35, a contradiction. Otherwise, M(/i, 72, ...,/») C E{G) and by Lemma 
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2, \Ia\ + \h\ > 2p + 6 = 8, i.e. |C| >36-l. Recalling that |C| = 35-1, we can 
state that 

+ \If,\ = 8 and = 3 for each i e {l,2,...,s}\{a,b}. 

If |7„| = |7fc| = 4 then by Lemma 2, M{Ii,Ij) = if ^ {a,b}, i.e. 

|M(Ji, /2, =1 < 6 — 2. Otherwise, assume w.l.o.g. that |/o| = 5 and 
\Ib\ = 3, i.e. |7a| = 5 and = 3 for each i s {1, 2, s}\{a}. As above, 
\M{Ia,l,)\ < 1 for each i € {1,2, ...,s}\{a}. Observing also that M(I^Jj) = 
for each distinct i, j if a ^ {hj}^ we conclude that |M(/i,/2, ...,/«)! < s — 1 = 
^ — 2. Claim 1 is proved. A 

Put G' = G\M{Ii,l2,-,Is)- As in Case 3.1.2, we can form a graph G* 
by adding at most 2|M(/i,72, •••,-?s)| new edges in G' such that 6{G*) = S{G), 
is disconnected and q{G) > q{G*) - |M(7i,/2, ...,7,)|. By 

Claim 1, 

q{G)>q{G*)-S + 2. (18) 

Let 77i, 772, -ffs+i be the connected components of G*\{^i, ^2, Cs} with 
V{I*) C 1/(77.,) (?: = l,2,...,s) and F(77^+i) = {xi,X2}. Using notation (5) for 
G*, we have hi > 2 {i = 1, 2, s + 1). li hi > 6 for some « G {1, 2, s} then 
n > 3^ + 3, contradicting (1). Let 2 < /ij < 5 < 2^ - 1 (i = 1, 2, s + 1). It 
follows that {hi — 2) (25 — /i, — 1) > which is equivalent to 

hii26-hi + l)^^^_^ (^ = l,2,...,. + l). 
By Lemma 3, qi{G*) >26 — l (i = 1, 2, s + 1), implying that 

s+l 

q{G*) > J2 1i{G*) > + 1)(2'5 - 1) = <5(2(5 - 1). 

By (18), 

,>(G*) -5 + 2 > 2(5^-5+1) >5fci^i^. 

Case 4.1.1.2. |C| =3(5. 

Case 4.1.1.2.1. Arc(a;i) 7^ Arc(a;2). 

It follows that max{a-i,cr2} > 1, where 

<71 = \Nc{x{)\Nc{X2)\, CJ2 = \Nc{X2)\Nc{xi)\. 

If max{(Ti, (T2} > 2 then by Lemma 1, |C| > 3(5+1, contradicting the hypothesis. 
Let max{(Ti,(72} = 1. Clearly s > S and > 3 (i = l,2,...,,s). If ,s > (5 + 1 
then |C| > 3s > 35 + 3, a contradiction. Let s = 5, implying that |7j| =3 
{i = 1,2, ...,s). By Lemma 2, M(7i, 72, /«) = 0. Let 77i, 772, F^+i be the 
connected components of G\{^i,^2j •••j^s} with V{Hi) = V{I*) {i = 1,2, ...,s) 
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and V{Hs+i) = {xi,X2}- Using notation (5), we have /i, = 2 (i = 1, 2, s + 1). 
By Lemma 3, 

^ hi{2S -hi + 1) 

Qi > ^ 

implying that 

9>$^gi>(s + l)(2^-l) 

i=l 

Case 4.1.1.2.2. Nc{xi) = Nc{x2). 

Clearly, s > 5 — 1. li s > 5 then we can argue as in Case 4.1.1.2.1. Let 

s ^ 5 ~1. If \h\ + > 10 for some distinct i,j G {l,2,...,s} then \C\ > 
10 + 3(s — 2) = 3(5 + 1, contradicting the hypothesis. Hence 

\Ii\ + \Ij\ < 9 for each distinct i,j e {1, 2, s}. (19) 

Claim 2. M(h, h, -Js) C E{G) and 

(*1) ifmaxi|/i| <4then |M(/i, /z, /,)| < 3, 

(*2) ifmaxi|7i| = 5 then |M(/i, /a, < <5 - 1, 

(*3) if max, 1 7,1 = 6 then |M(/i, la, /,)| <2{&-2). 

Proof. If M(/i,/2,...,/s) = then we are done. Otherwise, M{Ia,Ib) 
for some distinct a,b G {1, 2, s}. By the definition, there is an intermediate 
path L between la and If li] > 2 then by Lemma 2, 

|4| + |/6|>2p + 2|i| + 4>10, 

contradicting (19). Otherwise, \L\ = 1 and M(/i, /2, /«) C E{G). By Lemma 
2, |7„| + \Ib\ > 2p + 6 = 8. Combining this with (19), we have 

8< |/a| + |/6| <9. (20) 

Furthermore, if \M{Ia,Ib)\ > 3 then by Lemma 2, |7„| + |7;,| > 2p + 8 = 10, 
contradicting (20). So, 

1 < \M{Ii,Ij)\ < 2 for each distinct i,j G {l,2,...,s}. 

Put r=\{i\ > 4}|. If r > 4 then \C\ > 3(s - 4) + 16 = 35 + 1, contradicting 
the hypothesis. Further, if r = then by Lemma 2, M(7i,72, ...,7s) = 0. Let 
1 < r < 3. 

Case al. r = 3. 

It follows that \Iai I > 4 (i = 1, 2, 3) for some distinct ai,a2, 03 G {1, 2, s} 
and |7j| =3 for each i e {1, 2, s}\{ai, 02, 03}. Since s = S—1 and \C\ = 3S, we 
have |7aJ = |7q2| = |7a3| = 4, i.e. max|7i| = 4. By Lemma 2, |M(7a,,7aJ| < 1 
for each distinct i,j G {1,2,3}. Moreover, we have \M{Ii,Ij)\ = if either 
i ^ {ii,i2,i3} or j ^ {11,12,13}- So, |M(7i,72, ...,7s)| < 3. 



= 26-1 (i = l,2,...,s+l), 

= ,* + i),2*-i)>2M±2. 
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Case a2. r 2. 

It follows that \Ia\ > 4 and |Jf,| > 4 for some a,b £ {1, 2, s} and = 3 
for each i e {1, 2, s}\{a, 6}. By (20), we can assume w.l.o.g. that either 
|7„| = |76|=4or |7„|=5, |76|=4. 

Case a2.1. = \Ib\ = ^■ 

It follows that maxi \Ii\ = 4. By Lemma 2, |M(7a,7;,)| < 1 and M{Ii,Ij) = 
if {i,j} ^ {a,b}, implying that \M{h,l2, ...,7,)| < 1. 

Case a2.2. |7a| = 5, |7;,| = 4. 

It follows that maxj |7j| = 5. By Lemma 2, we have \M{Ia,Ib)\ < 2 and 
|M(7„,7i)| < 1 for each i e {1,2, s}\{a,b} and M{Ii,Ij) = if a ^ 
Thus, \M{h,l2,...,Is)\<S-l . 

Case a3. r = 1. 

It follows that |7a| > 4 for some a G (1,2, ...,s} and = 3 for each 
iG{l,2,...,s}\{a}. By (20), 4 < |7„| < 6. 

Case aS.l. |7a| = 4. 

It follows that maxi |7j| = 4. B Lemma 2, M(Ia,Ii) = for each i € 
{1, 2, ...,s}\{a}, implying that |M(7i, 72, 7,)| = 0. 

Case a3.2. |7a| = 5. 

It follows that maxi|7i| = 5. B Lemma 2, \M{Ia,Ii)\ < 1 for each i e 
{l,2,...,s}\{a} and M{Ii,Ij) = if a ^ that is |M(7i,72, ...,7s)| <S-2. 

Case a3.3. |7a| = 6. 

It follows that maxi = 6. By Lemma 2, |M(7o,7j)| < 2 for each i € 

{l,2,...,s}\{a} and M{Ii,Ij) = if a ^ {i,j}, that is |M(7i, 72, 7,)| < 
2 ((5 - 2). Claim 2 is proved. A 

Put G' = G\M{h,l2,...,Is)- As in Case 3.1.2, we can form a graph G* 
by adding in G' at most 2|M(7i,72, ■■■,Is)\ new edges such that 5{G*) = S{G), 
^2, is disconnected and 

q{G)>q{G*)-\M{h,l2,...,Is)\. (21) 

Let 77i, 772, 77s_|_i be the connected components of G*\{^i,C2, •••,^s} with 
V{I*) C V{H,) {i = l,2,...,.s) and V{Hs+i) = {xi,X2}. Using notation (5) for 
G*, we have hi > 2 {i = 1, 2, s + 1). If /ij > 6 for some i € {1, 2, s} then 
n > 35 + 3, contradicting (1). Let 2 < /ij < 5 < 25 - 1 (i = 1, 2, s + 1). It 
follows that {hi — 2) (25 — hi — 1) >0 which is equivalent to 

hii2S-hi + l) ^^^_^ (i = l,2,...,. + l). (22) 
Case 4.1.1.2.2.1. maxj |7i| < 4. 
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By (22) and Lemma 3, qi{G*) > 25 - 1 (i = 1, 2, s + 1). Hence 

s+l 

q{G*) > X^ft(G*) > (s + 1)(2,5 - 1) = ,5(2,5 - 1). 

i=l 

Using (21) and Claim 2, we have 

g>g(G*)-3>J(2J-l)-3> '^^-^^(^ + '\ 
Case 4.1.1.2.2.2. maxj |7i| = 5. 

Assume w.l.o.g. that maxj|/i| = = 5, i.e. 4 < /ii < 5. By (22) and 
Lemma 3, qi{G*) > 2,5 - 1 (i = 2, s + l) and 

..(G*)>M?i^^>2(2.-3). 

Hence 

q{G*) > s{26 - 1) + 2(2^ - 3) = 25^ + ^ - 5. 
By (21) and Claim 2, 

q>qiGn-iS-l)>2S^-^>'^'-f + '\ 
Case 4.1.1.2.2.3. max, \Ii\ = 6. 

Assume w.l.o.g. that max^ = = 6, that is hi = 5. By (22) and 
Lemma 3, qi{G*) >26-l {i = 2, s+l) and 

,,(G*)>M?^^ = 5(^-2). 

Hence 

q{G*) > s{2S - 1) + 5{d - 2) = 2^2 + 25-9. 
By (21) and Claim 2, 

g > g(G*) - 2(5 - 2) > 25^ - 5 > fci^i^. 
Case 4.1.2. p = 2. 

Put P = X1X3X2. It follows that \Ncixi)\ > 5 - 2 > 2 (i = 1, 2). By (1), 
|C| < 3(5 + 1 — p = 35 — 1. Combining this with (16), we have 

35-3 < |C| < 35- 1. (23) 

If Ncixi) ^ Nc{x2) then by Lemma 1, |C| > 45 - 2p = 45 - 4. By (23), 
45 — 4 < |C| < 35 — 1, a contradiction. Let Nc{xi) = Nc{x2)- Since C is ex- 
treme, we have > 4 (z = l,2,...,s). If s > 5-1 then |C| > 4s > 45-4 > 35, 
contradicting (23). Hence s < 5 — 2. Recalling also that s = |A^c'(a;i)| > 5 — 2, 
we get s = 5 — 2. It follows that xiX2 G E{G). By a symmetric argument. 
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Nc{xi) = Nc{xi) (i = 2,3). 

Claim 3. |M(7i, /s, 7,)| < 1. 

Proof. If M(/i,/2, ...,/,,) = then we arc done. Otherwise. \M{I„.Ib)\ > 1 
for some a, 6 S {1, 2, s}, i.e. there is an intermediate path L between la and 
lb- If \L\ > 2 then by Lemma 2, 

|/a| + |/b| >2p + 2|L|+4> 12. 

This yields 

|C| > 12 + 4((5 - 4) = 4^ - 4 > 3(5 + 1, 

contradicting (23). Otherwise, \L\ = 1 and M(/i, /2, Is) Q E{G)- By Lemma 
2, \Ia\ + \h\ > 2p+6 = 10, implying that |C| > 10+4(5-4) = 4(5-6. Combining 
this with (23), we get 45 — 6 < |C| < 3(5 — 1, i.e. 5 < 5. Since 5 > 5, we have 

5 = 5, s = 3, \C\=35-1 = 14, |7„| + |76| = 10, 

|7i| = 4 for each i e {1,2, ...,s}\{a,b}. 

Assume w.l.o.g. that a = 1 and 6 = 2. By Lemma 2, |A7(7i,72)| = 1 and 
M{h,h) = M{h,h) = 0, i.e. |M(7i,72,...,7,)| = 1. Claim 3 is proved. A 

Put G' = G\M{Ii,h,....Is)- As in Case 3.1.2, form a graph G* by adding 
in G' at most 2|M(7i, 72, 7^)1 appropriate new edges such that 5{G*) = 5(G), 
G*\{^i, ^2, Cs} is disconnected and 

g(G)>g(G*)-|M(7i,72,...,7,)|. 

Let Hi, H2, Hs+i be the connected components of G*\{^i, ^2, ^s} with 
V{I*) C V{Hi) {i = 1,2, ...,s) and V{Hs+i) = {xi,X2,X3}. Using notation (5) 
for G*, we have /ij > 3 (i = 1, 2, s + 1). If /ij > 6 for some i G {1, 2, s} 
then 

|C| > 6 + 3(s - 1) + -.CJI = 4(5 - 5 > 35, 

contradicting (23). Let 3 < hi < 5 (i = 1, 2, s + 1). By Lemma 3, 

g,(G*)> ^^^^'^~^^ + ^^ > 3(5-1) (i = 1,2,..., s + 1), 
implying that 

s+l 

g(G*) > ^ QiiG*) > 3{s + 1)(5 - 1) = 3(5 - 1)2. 

1=1 

By Claim 3, 

,>,(G*)-l>3(5-l)2-l>^i^^«±^. 
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Case 4.1.3. p = 3. 

Put P = XxXi^XzX^. It follows that |iVc(a;i)| > (5 - 3 > 2 (i = 1, 2). By (1), 
\C\ < 35 + 1 — p = 3J — 2. Combining this with (16), we have 

3(5-3 < |C| < 3,5-2. (24) 

If Nc{xi) ^ Nc{x2) then by Lemma 1, 

|C| > 4(5 - 2p = 45 - 6 > 3(5 - 1, 

contradicting (24). Let Nc{xi) = Nc{x2)- Clearly, \U\ > 5 (i = l,2,...,s). If 
s > (5-2 than |C| > 5.s > 5(5 - 10 > 3(5 - 1, contradicting (24). Hence s < (5-3. 
Observing also that s — \Nc{xi)\ > (5 — 3, we get s — S — 3. It follows that 
X1X2 € E{G). By symmetric arguments, Nc{xi) = Nc{xi) {i = 2,3,4). 

Claim 4. M(/i,/2,...,/.) = 0. 

Proof. Assume to the contrary, i.e. M{Ii, I2, Is) 7^ 0. It means that 
M{Ia, h) 7^ for some distinct a, 6 € {1, 2, s}. By Lemma 2, 

|/a| + |/6| >45-2p = 45-6, 

implying that \C\ > (4(5 - 6) + 5(s - 2) = 95 - 31. Combining this with (24), 
we get 95 — 31 < \C\ < 35 — 2, a contradiction. Claim 4 is proved. A 

By Claim 4, ^2; •••) ^s} is disconnected. Let Hi, H2, Hg+i be the 

connected components of G\{^i, ^2, Cs} with V(/*) C V(Hi) (i = 1.2,...,s) 
and V(Hs+i) = V{P). By notation (5), we have hi > 4 {i = 1,2, ...,s + 1). If 
hi> 8 for some i G {1, 2, s} then 

|C| > 8 + 4(5 - 4) + s = 55 - 11 > 35 - 1, 

contradicting (24). Let 4 < ft-^ < 7 (i = 1, 2, s + 1). By Lemma 3, 

/ij(25 - /ij + 1) Q\ /• 10 , i\ 

qi>— ^> 2(25 -3) (i = 1,2,..., s + 1). 

Hence 

.s+l 



g>X!* >2(s + l)(25-3) 



i=l 

= 2(5-2)(25-3)>fcM±^. 
Case 4.1.4. p = 4. 

Put P = xixr,x^X'iX2. By (1), |C| < 35 + 1 - p = 35 - 3, and by (16), 
|C| > 35 - 3. It follows that 

|C| =35-3, n = 35 + 2, V{G) = V{C U P). (25) 
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Its <6 then 



^^n6 _{3S + 2)5 ^ 3(5 - 1){5 + 2) 



2 2 - 2 

Let S>7, implying that \Nc{xi)\ > 2 {i = 1,2). If Ncixi) ^ Nc{x2) then by 
Lemma 1, 

\C\>AS-2p = 46-8>3S- 2, 

contradicting (25). Let Nc{xi) = Nc{x2). Clearly, |7j| > 6 (i = 1,2, ...,s). If 
s > 5 — 3 then 

\C\ >ip + 2)s > 6{S - 3) > 3(5 - 2, 

contradicting (25). Let s < (5 — 4. On the other hand, s > \N{xi)\ — p > (5 — 4, 
implying that s = 6 — 4. It follows that XiX2 € E{G). By symmetric arguments, 
Ncixi) = Nc{xi) {i = 2,3,4,5). If M{Ia,Ib) ^ for some distinct elementary 
segments laih, then by Lemma 2, 

\Ia\ + \h\>^5-2p = U-8. 

Hence 

|C| > 4(5 - 8 + 6(s - 2) = 10(5 - 44 > 3(5 - 2, 

contradicting (25). Otherwise, M{Ii, I2, Is) = 0, i-c. G\{^i, ^2, ^s} is dis- 
connected. Let Hi,H2, -ffg+i be the connected components of G\{^i,^2, •••,^s} 
with V{I*) C V{H,) {i = l,2,...,s) and V{Hs+i) = F(P). By notation (5), 
hi > 5 {i = 1, 2, s + 1). It hi > Q for some i e {1, 2, s} then 

|C| > 6 + 5(s - 1) + s = 65 - 23 > 3(5 - 2, 

contradicting (25). So, /ij = 5 (i = 1, 2, s + 1). By Lemma 3, 

g.> '^^'''/' + '^ =5(5-2) (i = l,2,...,a + l), 

implying that 

9 > E ft > 5(s + 1)(5 - 2) = 5(5 - 3)(<5 - 2) > 

Case 4.2. ,5-2<p<(5-|-l. 
Case 4.2.1. p = S-2. 

It follows that |A^c(a;i)| >2{i = 1,2). By (1), 

|C| < 3(5+ 1 -p = 25 + 3. (26) 

If Ncixi) ^ Nc{x2) then by Lemma 1, |C| > 45 - 2p = 25 + 4, contradicting 
(26). Let Ncixi) = Nc{x2). If s > 3 then |C| > s{p + 2) > 35 > 25 + 4, again 
contradicting (26). Let s = 2. It follows that 2:1X2 S E{G). By symmetric argu- 
ments, Nc{y) = Nc{xi) = {^1,6} for each y € V{P). Clearly, |/^| > p + 2 = 5 
(i = l,2). 
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Case 4.2.1.1. M{hj2) = 0- 

It follows that G\{^i,^2} is disconnected. Let Hi,H2,.-.,Ht be the con- 
nected components of with V{I*) C V{Hi) {i = 1,2) and V{P) C 
y(i?3). Since G[V{P)] is hamiltonian, wc have V{H-i) = ViP). By notation 
(5), hi > - 1 > S - 1 {i = 1, 2) and /i3 = 5 - 1. If hi > S + 3 for some 
i e {1,2} then 

\C\ > ((5 + 3) + (5-l) + |Ui,6}| =2(5 + 4, 
contradicting (26). So, S — 1 < hi < S + 2 {i ~ 1,2, 3). By Lemma 3, 

Hence, 

Case 4.2.1.2. M(7i,72) 7^0. 

By the definition, there is an intermediate path L between 7i and l2- If 
\L\ > 2 then by Lemma 2, 

|C| = IJ1I + I/2I >2p + 2|L|+4>25 + 4, 

contradicting (26). Otherwise, M{Ii,l2) C E{G). Further, if |M(7i,72)| > 3 
then by Lemma 2, 

\C\ = |7i| + |72| >2p + 8 = 2^ + 4, 
contradicting (26). Thus |M(7i,72)| < 2. 
Case 4.2.1.2.1. |M(7i,72)| = 1. 

Put G' = G\M(7i,72). As in Case 3.1.2, form a graph G* by adding at 
most two new edges in G' such that d{G*) = 5{G), G*\{^i,^2} is disconnected 
and q{G) > q{G*) — 1. Let Hi,H2, ■■■,Ht be the connected components of 
G*\{ei,6} with V{I*) C ViHi) {i = 1,2) and F(P) = ^(Tfs). Using notation 
(5) for G*, as in Case 4.2.1.1, we have 5 - 1 < /i, < (5 + 2 (?; = 1, 2, 3). By 
Lemma 2, |7i| + |72| > 2p + 6 = 26 + 2. It means that max^ \Ii\ > 6 + 1, i.e. 
maxj hi > S. Assume w.l.o.g. that hi > S. By Lemma 3, 

gi(G ) > > 

^^^^.^^hJ^S-p^^iS-^)^ (. = 2,3), 



implying that 



^(G*)>fcll + (5-l)(5 + 2). 
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Hence, 

Case 4.2.1.2.2. |M(/i,/2)| = 2. 
By Lemma 2, 

\C\ = I/1I + I/2I >2p+7 = 2^ + 3. 

By (26), \C\ =2(5 + 3 and V{G) = V{P U C). Put G' = G\M{h,l2)- As 
in Case 3.1.2, form a graph G* by adding at most four new edges in G' such 
that 5{G*) = (5(G), G*\{a,6} is disconnected and g(G) > q{G*) - 2. Let 
Hi,H2,H3 be the connected components of G*\{^i,C2} with V{H,) = V{I*) 
{i = 1,2) and V{H3) = V{P). Using notation (5) for G*, we have as in Case 
4.2.1.1,5-1 <hi< (5+2 (i = 1,2,3). Since \h\ > (5 and |G| = |/i| + |/2| = 2(5+3, 
we can assume w.l.o.g. that either |7i| = 6+2, \I2\ = (5+1 or |7i| = i5+3, I/2I = <5. 

Case 4.2.1.2.2.1. |7i| =5 + 2, IJ2I =5+1. 

It follows that h\ = 5 + 1, h2 = 5 and /13 = (5 — 1. By Lemma 3, 



Hence 



2 2 

3 



> 



3((5-l)((5 + 2) 



Case 4.2.1.2.2.2. =5 + 3, {hi = 5. 

Let M(/i, J2) = {61,62}, where 

ei=yizi, 62 = y2Z2, {j/i, y2} ^ ^(^D, {^i, 22} C y(J*). 
If yi ^ t/2 and zi ^ Z2 then by Lemma 2, 

I/1I + I/2I >2p + 8 = 2((5-2) + 8 = 25 + 4, 
contradicting (26). Let either y\ ^ 1/2 and 2:1 = Z2 or t/i = 1/2 and z\^ Z2. 

Case 4.2.1.2.2.2.1. yi 7^ j/2 and 2:1 = Z2. 

Assume w.Lo.g. that yi,j/2 occur on I\ in this order. If y2 = then 
\C\ > \^i'^yiZiy2'^^2X2^xi^i\ =25 + 4:, 
contradicting (26). Let y2 yt, i-e. |yi 6^2/2! > 2. Put 

C = ^i'dy2Zit^2X2'Pxi^i, 

C" = ^ltzm'd^2X2'Pxi^l. 
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Clearly, 

\C\ > \C'\ = |6^yi| + l2;i^y2| + i + l6^^il+P + 2, 

\C\ > \C"\ = \^itz,\ + |2/i^2/2| + |2/2^6I + 1+P + 2. 
By summing, we get 

2|C| > (la^yil + \yi'^y2\ + 1^2^61 + l^'^^il + ki^^l) + |yi^y2| + 2 + 25 

= |C| + |i/i'^y2| + 2^ + 2 > |C7| + 2J + 4. 
Hence |C| > 2^ + 4, contradicting (26). 

Case 4.2.1.2.2.2.2. yi = y2 and Zi ^ z^. 

Assume w.l.o.g. that z-2,^Z\ occur on in this order. 

Case 4.2.1.2.2.2.2.1. (5 > 6. 

If l^i^j/il > 5-1 and > <5-l then |7i| > 25-2 > 5+4, contradicting 

the hypothesis. Thus, we can assume w.l.o.g. that |^i^yi| < 5 — 2. liy^ =^x 
then 

|6'&^22/i'^6a;2"^a;i^i| >25 + 5, 

contradicting (26). Let yj" 7^ ^i, that is e Vm). Since |M(7i,72)| = 2, 

we have 7V(yf ) C V{h). If Af(j/f ) n Viy+'d^^) = ^ then IAf(?yr)| < 5 - 1, a 
contradiction. Otherwise, y^w € E{G) for some w G V{yi(^^2)- P^t 

C =^i%iZit^2X2'Pxi^u 
C" = ^itz2yi'd^2X2'Pxi^i. 
Clearly, > |^i^yi| + 1 and 

\C\ > \C'\ - + 1 + \z,t^2\ + (P + 2) > la^yil + \zit^2\ +6 + 2, 

\C\ > \C"\ = la^^il + 2 + + (F + 2). 

By summing, we get 

2\C\ > (la^yil + + + ki%l) + 25 + 4 = |C| + 25 + 4. 

Hence |C| > 25 + 4, contradicting (26). 

Case 4.2.1.2.2.2.2.2. 5 = 5. 

It follows that 

=5 + 3 = 8, |J2|=5 = 5, |C| = 25 + 3 = 13. 
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If either l^iC^j/i I < 5-2 - 3 or \yi'd^2\ < (5 — 2 = 3 then we can argue as in 
Case 4.2.1.2.2.2.2.1. Otherwise, |6'^yil = = 4. If \zitJ^2\ > 4 then 

\^i'dyiZit^2X2'Pxi^i\ > 14 > \C\, 

a contradiction. Let |2;it7^2| < 3. Analogously, |^i^-22| < 3, implying that 
h = ^iztziZ2^t^2. If ztz2 e E{G) then 

\^i'dyiz^ztz2t^2X2^xi^i \ = 14 > \C\, 

a contradiction. So, N{z^) C {^i,^2,-2i,C2^}> again a contradiction, since 
\N{zt)\ >S = 5. 

Case 4.2.2. p = 6-l. 
By (1), 

|C| <3(5+l-p = 2(5 + 2. (27) 
It follows that \Ncix,)\ >1 {i = 1,2). 

Case 4.2.2.1. \Nc{xi)\ > 2 (i = 1,2). 

If iVc(xi) =^ Nc{x2) then by Lemma 1, |C| > 2p + 8 = 2(5 + 6, contradicting 
(27). Let Nc{xi) = Nc{x2)- \i s >^ then 

\C\ > s{p + 2) > 3((5 + 1) > 2(5 + 2, 

contradicting (27). Let s — 2. It follows that 

|C| = 25 + 2, = IJ2I = 5 + 1, V{G) = V{CUP). 

Assume that yz € E{G) for some y £ V^(-P) and z £ V {C)\{(,i , (,2} ■ Assume 
w.l.o.g. that z G V{Ii). Since p = (5 — 1 > 4, we can assume w.l.o.g. that 
> 2. If X2W G -E'(G) for some w € then 

ICi'^^l > liiXiT^ wx2'pyz\ > 6. 

Observing also that |^^^2| > 2, wc have |/i | > S+2, a contradiction. Otherwise, 
d{x2) < (5 — 1, a contradiction. So, Nc{y) ^ for each y G V(-P)- On the 

other hand, by Lemma 2, M(/i,/2) = and hence G'\{Ci:C2} is disconnected. 
Let Hi,H2, H3 be the connected components of G\{^i, ^2} with V{Hi) = V{I^) 
{i = 1,2) and ^(-ffs) = V{P). By notation (5), hi = 6 (i = 1,2,3). By Lemma 
3, 



implying that 



> = ^(i±i> (i= 1,2,3), 



^3(52 + <5) 3(5-l)((5 + 2) 



1=1 

Case 4.2.2.2. Either |iVc(a;i)| = 1 or \Nc{x2)\ = 1. 
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Assume w.l.o.g. that \Nc{xi)\ = 1. It follows that V{P)\{xi} C A''(a;i). 
Put Nc{xi) = {yi}. 

Case 4.2.2.2.1. Nc{x2) 7^ Nc{xi). 

It follows that X2y2 G E{G) for some 2/2 G V{C)\{yi}. Clearly, |2/i^2/2| > 
^ + 1 and 1^2(^2/1 1 > (5 + 1. Hence 

|?/i^2/2| = |2/2^yi| = 5 + 1, |C| = 2(5 + 2, V{G) = U P). (28) 

If s > 3 then there are at least two elementary segments on C of length at 
least (5+1. It means that |C| > 2(5 + 2, contradicting (28). Let s = 2, i.e. 
Nc{x\) U Nc{x2) = {2/1,2/2} = {^1,^2}- Assume that zw G E{G) for some 
z G V(P) and w G F(C)\{yi, 2/2}, and assume w.l.o.g. that w G yiCy2- Since 
y(P)\{xi} C N{xi), we have G E{G). Further, since C is extreme, 

|w^2/2| > \wz'Txiz+^X2y2\ > (5 + 1. 

Hence, |C| > 2(5+2, contradicting (28). Thus, N{z) C {2/1,2/} for each G ^(P). 
On the other hand, by Lemma 2, M(Ji,/2) = 0. Further, we can argue as in 
Case 4.2.2.1. 

Case 4.2.2.2.2. Nc{x2) = A^c(a;i) = {2/1}- 
It follows that 

N{xi) = {V{P)\{xi})VJ{y^) {i = 1.2). 

Since k > 2, there is a path R = z^w such that z G V(P) and w G F(C)\{2/i}. 
Since A''c(a;i) = Nc{x2) = {2/1}, we have z ^ {xi,X2}- Then 

|2/ia;i^^~a;2^-zw| =6+1, 
and we can argue as in Case 4.2.2.2.1. 

Case 4.2.3. p = 5. 

By (1), |C| < 3(5+l-p = 25+l. If |Q| > 5+1 then by (2), \C\ > 2\Q\ > 26+2, 
a contradiction. Let 

IQI < <5. (29) 

Case 4.2.3.1. xia:2 ^ E{G) 

It follows that \Nc{x^)\ > I {i = 1,2). If |iVc(a;j)| > 2 for some i G {1,2} 
then clearly \Q\>p+2 = 5 + 2, contradicting (29). Let \Nc{xi)\ = \Nc{x2)\ = 
1. Further, if Ncixi) ^ Nc{x2) then again \Q\ > 5 + 2, contradicting (29). Let 
Nc{xi) = Nc{x2) = {zi} for some zi G V{C). Since k > 2, there is a path 
L = 2/2^2 connecting P and C such that y G 1^(P) and 2:2 G y(C)\{zi}. Clearly, 
2/ ^ {xi,X2}- If a;22/~ G i?(G) then 

\Q\ > \ziXi^y-X2'Pyz2\ = 6 + 2, 
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contradicting (29). Let X2y ^ E{G). Further, if y ^ xi then rccalhng that 
X2X1 ^ E[G), wc conclude that \Nc{x2)\ > 2, a contradiction. Otherwise, 
y~ = x\ and \Q\ > \ziX2^yz2\ = (5 + 1, contradicting (29). 

Case 4.2.3.2. X1X2 G E{G). 

Put C = x\^X2X\. Since k > 2, there are two disjoint paths Li,L2 con- 
necting C and C. Further, since P is extreme, = IL2I = 1- Let Li = yiZ\ 
and L2 = y2Z2, where, yi,y2 € V(C") and 21, .22 € V{C). Since C" is a Hamilton 
cycle in G[V'(P)] and \C'\ > ^ + 1 > 6, we can assume that P is chosen such 
that xi = yi and |a;i^?/2| > 3. If X2V e E{G) for some v e {2/2^^,2/2^^} then 

IQI > \ZlXl'^VX2'Py2Z2\ >S+1, 

contradicting (29). Otherwise, |iVc(x2)| > 2, implying that X2Z3 G E{G) for 
some Z3 e V{C)\{zi}. Then 

IQI > \ziXil^X2Z3\ > (5 + 2, 

again contradicting (29). 
Case 4.2.4. p = ,5+ 1. 

By (1), \C\<3S + l-p = 26. Recalling (14), we get \G\ = 26 and V{G) = 
y(CuP). If IQI > 5 + 1 then by (2), |C| > 2|Q| > 25 + 2, a contradiction. Let 

IQI < 6. (30) 

Case 4.2.4.1. X1X2 € E{G). 

Put C = x\Px2Xi. Since k > 2, there are two disjoint edges ziWi and Z2W2 
connecting C" and C such that 2:1,22 G F(C") and w\,W2 € l^(C'). Since C 
is a Hamilton cycle in G\V{P)] and |C"| > 5 + 2 > 7, we can assume w.l.o.g. 
that P is chosen such that zi = xi and \xi > 4. If X2V S E(G) for some 
w e {z2^,Z2'^,Z2^} then 

IQI > IwiXi Ax2t'Z2W2| >6+\, 

contradicting (30). Now let X2V ^ E{G) for each v € {2;^^, 2^^, 2^^}. It follows 
that |A^c(a;2)| > 2, i.e. X2Wz € £'(G) for some W3 G VC)\{wi}. But then 
IQI > |wia;i Pa;2W3| =5 + 3, contradicting (30). 

Case 4.2.4.2. xiX2 ^ E{G). 

If rfp(xi) + dp{x2) > \V{P)\ = p + 2 then by Theorem F, G[V{P)] is hamil- 
tonian and we can argue as in Case 4.2.4.1. Otherwise, 

dc{x,:) + dc{x2)>6-l>A. (31) 

Assume w.l.o.g. that dc{xi) > dc{x2)- 
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Case 4.2.4.2.1. dc{x2) = 0. 

It follows that N{X2) = V{P)\{x2}. By (31), dcixi) > 4. Put C = 
Xi^X2Xi. Since k > 2, there is a path L = zLw connecting C and C such 
that z G V{C')\{xt} and w G V{C). If xi G ¥(1), i.e. G i;(G), then 
Xi^z~X2^zxi is a Hamilton cycle in G[V{P)] and we can argue as in Case 
4.2.4.1. Let xi ^ V{L). Since ^(G) = ¥{0 U P), we have L = zw. Further, 
since dc{xi) > 4, we have xiwi G E{G) for some wi G V{C)\{w}. Hence, 

\Q\ > \wiXi'^z-X2^zw\ =S + 3, 

contradicting (30). 

Case 4.2.4.2.2. dc{x2) = 1. 

Let Nc(x2) = {wi}. By (31), dc(xi) > 3, i.e. XiW G E{G) for some 
w G V{C)\{wi}. Hence 

IQI > |wxi^X2Wi| —6 + 3, 

contradicting (30). 

Case 4.2.4.2.3. dc{x2) > 2. 

Since (ic(a^i) > dc{x2), we have (ic(a^i) > 2. Hence |(5| > p + 2 = (5 + 3, 
contradicting (30). ■ 

Proof of Theorem 1. Let G be a 2-connected graph, G a longest cycle in 
G and P = xi^X2 a longest path in G\C of length p. If p = then C is a 
dominating cycle and we are done. Let p>l. 

Case 1. 5 = 2 and g < 8. 

Since k > 2 and p > 1, there exist a path Q = S^rj such that \Q\ > 3 
and V{Q) fl V'(G) = {C,'?}- Further, since G is extreme, we have |G| = 
|yCtz| + \z~dy\ > 2\Q\ > 6 and therefore, q > \C\ + \Q\ > 9, contradicting 
the hypothesis. 

Case 2. 5 > 3 and g < (3(5 - 1){S + 2) - l)/2. 
Since 

1 ^-^ , Sn 
9=2 1^ d{u)>—, 

uev{G) 

we have 5n/2 < {3{d — l){d + 2) — l)/2, which is equivalent to 

,^n-2 1 7 
^^^-3 + 3^- 

If n = 3t for some integer t, then 

, ^ 3i - 2 1 7 ^ 7 

^^^-3 + 3^=^-^+3^' 
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implying that S > t ^ n/3 > [n — 2)/3. If n = 3t + 1 for some integer i, then 

it-l I 7 _ 2 7 
-~ 3 + 35 3 + 3^' 

implying that (5 > t = (n — l)/3 > (n — 2)/3. Finally, if n = 3i + 2 for some 
integer then 

3i 1 7 _ 17 
- 3"" 3 + 3^"^" 3 + 3^' 
implying that 6 >t — {n — 2)/3. So, S > {n — 2)/3, in any case. By Lemma 4, 
each longest cycle in G is a dominating cycle. ■ 
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